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Abstract 

In this paper, we study the asymptotic normality of the conditional maximum 
likelihood (ML) estimators for the truncated regression model and the Tobit model. 
We show that under the general setting assumed in his book, the conjectures made by 
Hayashi (2000) about the asymptotic normality of the conditional ML estimators for 
both models are true, namely, a sufficient condition is the nonsingularity of x t x{.. 
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1 Introduction 



The truncated regression model and the Tobit model (censored regression model) are two 
important basic models appearing in many applications in economics and other areas. The 
method of conditional maximum likelihood (ML) can be used to estimate the parameters in 
both models. In order to apply this method, the consistency and asymptotic normality of 
the estimator have to be verified. In the following, these two models and their conditional 
ML estimators are introduced in the exactly same way as what Hayashi (2000) did. 

1.1 Truncated Regression Model 

For the truncated regression model, the following assumptions are adopted: 
Assumption 1. Suppose that {y t ,x t } is i.i.d satisfying 

y t = x' t (3 + e t , (1.1) 
e t |x, ~iV(0,a 2 ), t = l,2,...,n, (1.2) 

where x t and /3 are both vectors with K components. 

Assumption 2. The truncation rule is: y t > c where c is a known constant. Only those 
observations satisfying the truncation rule are included in the sample. 

Since y t |x t ~ N(x.' t (3 , <r 2 ), it can be established that 



E(y t \x t , y t > c) = x^o + ^oA(^^), (1.3) 
Var(y t \^y t > c) = <x 2 {l - A(^) [a(^) - ^] } , (1.4) 

c-x£/3q 

where A( c ~^ /3 ° ) = c -x'/3o w ^ ^ as ^ e density of N(0, 1) and $ as the cumulative 

distribution function of N(0, 1). A is also called the inverse Mill's ratio. 
The log conditional likelihood for observation t is: 

2 



1 - $ 



c-xJ/3 



a 



log/M*; (3, a 2 ) = \ -\ log( 27 r) - \ log(a 2 ) - \ j -log 

;i.5) 

where ((3, a 2 ) are the hypothetical values of (/3 , <r 2 ) , and $ is the cumulative distribution 
function of N(0, 1). 

For simplification, the following reparameterization is used: 

S = (3/a, 7 = 1/(7. (1.6) 
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The reparameterized log conditional likelihood is 
log/(y t |xt;tf,7) = 



l - log(2vr) + log( 7 ) - \{ivt - *' t S) 2 ] - log[l - $( 7 c - x' t <5)]. (1.7) 



The objective function in ML estimation is the average log conditional likelihood of the 
sample. The conditional ML estimator (<5, 7 ) of (<5o,7o) is the (d, 7) that maximizes the 
objective function. 

Hayashi (2000) gave the following expressions of the score and the Hessian for observation 

t: 



s(w t ; <5,7) 



{iVt ~ x' t <5)x t 

k - (ivt - A$)yt 



c 



'U 



H(w t ; <5,7) = - 



x t x t -y t x 4 



+ X(v t )[X(v t ) - v t ] 



—ex'. 



-cx t 

„2 



1.9) 



where s(wt;£,7) is a vector of dimension (K + 1) x 1, H(w t ]S, , y) is a square matrix of 
dimension (K+l) x (f^+1) with .K" as the number of regressors, w t = (y t , xQ', X(v t ) = iz^a 
with vt = 7c — x' t <5 = < —^-- 

By verifying that the conditions of Proposition 1.1 (see below) are satisfied, Hayashi 
(2000) proved that the ML estimator (S,j) of (<5o,7o) is consistent under the nonsingularity 
of E(xtxQ. 

As to asymptotic normality, Hayashi (2000) pointed out that i?[s|x t ] = and the condi- 
tional information equality holds, i.e. £7[ss'|x t ] = — E'fHlxJ. So condition 3 of Proposition 
1.3 is satisfied. However conditions 4 and 5 of proposition 1.3 are not verified. For the case 
where {x t } is a sequence of fixed constants, Sapra (1992) showed asymptotic normality un- 
der the assumption that Xj is bounded, lim^oo - Ylt=i x * x t * s nonsingular and observations 
are serially correlated. 

Hayashi (2000) conjectured that for the case where x t is random as in the current setting 
(i.e., Assumption 1 and 2 are satisfied), a sufficient condition for asymptotic normality is the 
nonsingularity of E(x i x / t )0. 



1.2 Tobit Model 

For the Tobit model, the following assumption is adopted: 



2 see page 516 of Hayashi (2000). 
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yt 



(1.10) 

(1.11) 

(1.12) 



Assumption 1'. Suppose that {y t ,x t } is i.i.d satisfying 

V*t = >4A) + et, 
e t |x t ~ iV(0,a 2 ), t = l,2,...,n, 

y t * if %* > c, 

c if y t * < c, 

where x t and /3 are both vectors with K components, c is a known constant. Different from 
the truncated regression model in above, here the observations for which the value of the 
dependent variable y\ doesn't meet the rule y\> c are included in the sample. Another way 
to write the Tobit model is 

y t = max{x' t /3 + e t , c}. (1.13) 
The log conditional likelihood for observation t is: 



log/(|/ t |x t ;/3,a 2 ) = (l-A)log 



a \ a 



+ D t log$ 



c - 



(1.14) 



where ((3, a 2 ) are the hypothetical values of (/3 , <r 2 ), is the density of N(0, 1) and $ is the 
cumulative distribution of N(0, 1), and the dummy variable D t is defined as 



D t 



if y t > c (i.e., y* t > c) 

1 if y t = c (i.e., y t * < c). 



;i.i5) 



The objective function in ML estimation is the average log conditional likelihood of the 
sample. 

As in the truncation regression model in above, to make analysis easier, the reparame- 
terization (1.6) is used and the reparameterized log conditional likelihood is: 

log/(y t |x t ; 5, 7 ) = (1 - D t ){~ \og(2n) + log( 7 ) - \{ 1Vt - x^) 2 } - D t log$( 7 c - x^). 

(1.16) 

Hayashi (2000) gave the following expressions of the score and the Hessian for observation 

t: 

{iVt ~ x'i<5)xi 



s(w t ;*, 7 ) = (l-A) 



- (iVt ~ ^t 5 )Vt 



+ DtX(-Vt) 



c 



(1.17) 



H(w t ;*, 7 ) = -(1-A) 



x t x t -y t x t 



-D t X(-v t )[X(-Vt)+v t } 



x t xj -cx t 
—ex.', c 2 



, (1.18) 
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where s(w t ;<5, 7) is a vector of dimension (K + 1) x 1, H(w t ;<5, 7) is a square matrix of 
dimension (K+l) x (K + l), K is the number of regressors, w t = (y t , x[)', X(—v t ) = jjfe^s 
with t> 4 = 7c — x' t <5 = c * t/3 . 

For consistency, Hayashi (2000) pointed out that the relevant consistency theorem for 
the Tobit Model is Proposition 1.2 (see below jj. He also mentioned that when {y t ,Xi} is 
ergodic stationary but not necessary i.i.d, the conditional ML estimator (6,7) of (<5o,7o) is 
consistent^. 

For the case where {x t } is a sequence of fixed constants, Amemiya (1973) proved the 
consistency and asymptotic normality of the conditional ML estimator for the Tobit model 
under the assumption that x t is bounded and lim^oo - Y^t=i x t x I i s nonsingular. 

For the Tobit model, Hayashi (2000) conjectured that for the case where x t is random as 
in the current setting (i.e., Assumption 1' is satisfied), a sufficient condition for asymptotic 
normality is the nonsingular ity of E(x t x[jf|. 

In this paper, we show that Hayashi's conjectures for the asymptotic normality of both 
models are true, i.e. a sufficient condition for the asymptotic normality for both models is 
the nonsingularity of E(xtx' t ). 

The content of this paper is organized as follows. First in below we cite three propositions 
from Hayahsi (2000), which will be used to show the main results. Then in Section 2, we 
show that a sufficient condition for the asymptotic normality for the truncated regression 
model is the nonsingularity of E(x t x[). In Section 3, we show that a sufficient condition for 
the asymptotic normality for the Tobit model is the nonsingularity of E(x t x[) 

Now we present three propositions from Hayashi (2000). 

Proposition 1.1 § (Consistency of conditional ML with compact parameter space): 

Let {y t ,x t } be ergodic stationary with conditional density f(y t \x t ; 6 ) and let be the condi- 
tional ML estimator, which maximizes the average log conditional likelihood ( derived under 
the assumption that {y t ,Xt} is i.i.d.): 



1 n 

= argmax 0ee - log /(^|x t ; 0). 



n 
t=i 



3 see page 520 of Hayashi (2000) 

4 see exercise 3 on page 521 of Hayashi (2000) 

5 see page 520 of Hayashi (2000). 

6 see Proposition 7.5 on page 464 of Hayashi (2000). 
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Suppose the model is correctly specified so that O is in 0. Suppose that (i) the parameter 
space is a compact subset of MP , (ii) /(y t |x f ; 0) is continuous in for all (y t ,x. t ), and (Hi) 
f(yt\x.t,0) is measurable in (yt, Xt) for all 9 e (so 6 is a well-defined random variable). 
Suppose, further that 

1. (identification) Prob[f(y t \x t ] 0) ^ f(y t \x t ; O )] > for all 6 ^ 6 in 0, 

2. (dominance) £?[sup 0g @ | log/(yt|xt; 0)\] < oo (note: the expectation is over y t andx. t ). 
Then 6 — > p 8 . 

Proposition 1.2 (Consistency of conditional ML without compactness): Let 

{?/t,xt} be ergodic stationary with conditional density f(y t \x t ; 6q) and let 9 be the condi- 
tional ML estimator, which maximizes the average log conditional likelihood ( derived under 
the assumption that {y t ,x. t } is i.i.d.): 

n 

= argmax 0e0 - 2_^\og f (y t \xt] 0). 
n t=i 

Suppose the model is correctly specified so that 6 is in 0. Suppose that (i) the true pa- 
rameter vector O is an element of the interior of a convex parameter space (c MP), (ii) 
log/(yt|xt; 6) is concave in 6 for all (y t ,x t ), and (Hi) log f \yt\x-t] 0) is measurable in (y t ,x t ) 
for all 9 e 0. (For sufficiently large n, 6 well-defined). Suppose, further that 

1. (identification) Prob[f(y t \x.t\ 0) 7^ f(yt\^-u #o)] > for all 6 ^ in Q, 

2. E[\ log f(y t \xt] < oo (i-e., E7[log/(y t |x t ; 0)] exists and is finite) for all e Q(note: 
the expectation is over y t and x ty ). 

Then as n — > oo, exists with probability approaching 1 and 6 — > p 0$. 

Proposition 1.3 § (Asymptotic normality of conditional ML): Let w t (= (y t , *.[)') 
be i.i.d. Suppose the conditions of either Proposition 1.1 or Proposition 1.2 are satisfied, so 
that ^ p 6 . Suppose, in addition, that 

1. Oq is in the interior ofQ, 

2. f(y t \x t ',6) is twice continuously differentiate in 6 for all (y t ,~X- t ), 

7 see Proposition 7.6 on page 464-465 of Hayashi (2000). 
8 see Proposition 7.9 on page 475 of Hayashi (2000). 
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3. E[s(w t ; 6 )] = and — E[H(w t ; O )] = E[s(w t ; 8 )s(w t ; 60)'], where s and H functions 
are the score and the Hessian for observation t. 

4- (local dominance condition on the Hessian) for some neighborhood Af of 6 , 

£[sup ||H(w t ;0)||] < 00, 

so that for any consistent estimator 6, ^ J2t=i H(w t ; 0) ^ p E\H.(w t ; 0o)], 
5. E[H(w t ; 6 )] is nonsingular. 
Then 6 is asymptotic normal with Avar(f?) given by the following: 

Avar(0) = -{^(wtjflo)]} -1 = {E[s(w t ; 6 )s(w t ; Oo)']}- 1 . 

2 Asymptotic Normality of the Conditional ML of the 
Truncated Regression Model 

As we mentioned in above, for the truncated regression model introduced in subsection 
1.1, Hayashi (2000) showed that the conditional ML estimator satisfies the conditions of 
Proposition 1.1 under the nonsingularity of E(x t xJ). Therefore, by Proposition 1.1, the 
conditional ML estimator (5, 7) of (<5o,7o) is consistent when E(x t x^) is nonsingular. For 
asymptotic normality, he mentioned that condition 3 of Proposition 1.3 is satisfied. It is 
easy to see that conditions 1 and 2 of Proposition 1.3 are satisfied. 
In this section, we show the following theorem holds. 

Theorem 2.1 For the truncated regression model satisfying Assumptions 1 and 2, i/E(x t xQ 
is nonsingular, then conditions 4 and 5 of Proposition 1.3 are satisfied. 

Proof. First we show that condition 4 of Proposition 1.3 is satisfied. 
Define A as the matrix 



x t x t -y t x. t 

7 2 



and define B as the matrix 



X(v t )[X(v t )-vt] 



—cx' t c 2 



(2.1) 



(2.2) 
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By the expression of the Hessian H(w t ; 8, 7) in (1.9), 

H(w t ;<5, 7 ) = A + B. (2.3) 

Therefore, 

||H(w t ;*, 7 )|| < l|A|| + ||B||, (2.4) 

where || • || is the Euclidean norm of a matrix, which is defined as the square root of the sum 
of squares of the elements of the matrix. 
It is easy to see that 

|| A|| 2 = ||x t x;f + 2||^|| 2 + (I/7 2 + y 2 f. (2.5) 
Since x t is a vector of K components, we write it as (x tl ,x t2 , ...,x tK )'. We have 

ll^f <J2Hyt + <) < ht + lllx^f. (2.6) 



i=l 



Thus 



I A|| 2 < ||x,x'J 2 + 2f yf + ||x,x;|| 2 + 2/ 7 4 + 2yf 

<2||x t x / J 2 + (K + 2) 2/t 4 + 2/7 4 , (2.7) 



which implies 



||A|| < V2\\x t x' t \\ + VKT2yt+ (2.8) 
By (1.1) and (1.6), we have 

y 2 < ^' t 8 ) 2 + 2e 2 . (2.9) 

Since 8 and 8q are vectors of K components, we write them as (Si, 8k)' and (Sqi, 
8qk)' ■ Define the neighborhood Af of (<5o,7o) (= #o) as 

{(<5,7) : max |<5j - 8 0i \ < C\, (7 - 70 1 < C 2 , with C 2 satisfies < -C 2 + 70}, 

i=l,...,K 

where C\ and C 2 are positive constants. 

Since 70 = 1/<j and 00 is finite, 70 7^ 0. So we can always find a small positive C 2 such 
that < — C 2 + 7o- This implies for any (8, 7) G M, I/7 < _ ( g 2 1 +7o ■ Combining this with 
(2.8) and (2.9), we have, for any (8, 7) G A/", 

sup || A|| < v^llx^H + VWT2C\\^' t \\ +2v^T2e 2 + y/2 , n \ , 2 

< (V2 + VK + 2C)\\x t x' t \\ + 2v^T2e 2 + V2 { _ C2 1 +lof , (2.10) 
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where C = ^ max(5g 1 , 8$ K ). 

Next we look at the matrix B defined in (2.2). 

It is well known that as the derivative of X(v t ), X f (v t ) satisfies 

X'(v t ) = X(v t )(X(v t )-v t ), (2.11) 

and X(v t ) is between and 1. Therefore 

||B|| 2 < ||x t x;f + 2||cx t || 2 + c 4 . (2.12) 

Since ||cx t || 2 satisfies 

||cx, f < f^(c 4 + x 4 ) < fc 4 + i||x,x;|| 2 , (2.13) 
i=i 

||B|| 2 < 2||x t x'J 2 + Kc 4 + c 4 , (2.14) 

which implies 

||B|| < v^Hxtx'J + yjK + lc 2 . (2.15) 
Combining this with (2.10) and (2.4), we have 

sup ||H(w t ;<5, 7 )|| < (2v^+ v / AT2C)||x t x;|| + 2y/K + 2(? + V2 — 1 . 2 + v^TTc 2 . 

(<5,7)GAT ( ° 2+7oJ 

(2.16) 

Since £[e t 2 |x t ] = <r 2 = ^, 

£[ snp ||H(w t ;*, 7 )||]<(2V2 + Vim^ 

(*,7)e/V 7o 1 2+70j 

+ v^TTc 2 . (2.17) 

We know that -E[||x t x'J] < oo if E[x t x.' t ] exists and is finite, and E[-K t x.' t ] exists and is finite 
if i?[x t xj] is nonsingular. Therefore, when E[x t x' t ] is nonsingular, 

E[ sup ||H(w t ;<5, 7 )||]<oo, (2.18) 
namely, condition 4 of Proposition 1.3 is satisfied. 

Next we show that condition 5 of Proposition 1.3 is satisfied. 
Since condition 3 of Proposition 1.3 is satisfied, 

- £[H(w t ; d , 7o )] = E[s(w t ; S , 7o )s(w t ; 5 , 7 o)']- (2.19) 
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It is clear that s(w t ; 5o,7o)s(w t ; <5o)7o)' is positive semidefinite. This implies that 
E[s(w t ; So, 7o)s(w t ; <5o, 7 o)'] is positive semidefinite. Therefore E[H(w t ; So, 70)] is negative 
semidefinite. 

Let z = (zi, zjf, zx+i)' € R is:+1 be a solution to the equation 

z'£[H(w,;<5 ,7o)]z = 0. (2.20) 

We know that if z = (0, 0) is the only solution to the above equation, then E[H(w t ; S , 70)] 
is nonsingular. 

By (2.19), (2.20) is equivalent to 

z'£[s(w t ; So, 7o)s(w t ; S , 7o)']z = 0, (2.21) 

namely, 

£[z's(w t ; S , 7o)s(w t ; S , 7 o)'z] = 0, (2.22) 

because z is not random. 

In terms of the expression of s in (1.8), (2.22) is equivalent to 



E 



K 1 

^2 (loVt - x^o - A(w ot ))x t iZ i l {?/t>c} + ( (70^ - -x! t So)y t + \{vot)c)7, K+1 l {yt>c} 



, 7o 



2 



= 0, 
(2.23) 



where v ot = 7 y t ~ xj<5 . 
This implies 

K 1 

(70^ - x^ - \{vot))*tiZiX{ yt >c} + ( (7o^ - x^ )y« + A(w t)c)z^ +1 l {?/t>c} = a.e., 

7=? ^° 

(2.24) 

where a.e. means almost everywhere. 
The left side of (2.24) 

K K 
= y^jloVt - X^o)x ti Zjl{j /t>c } - ^ K V 0t)^tiZil{y t>c } 

1=1 1=1 

+ (— - (ToSft - x'^o) — (702/t - x^ + x^ ) + \(v t)c)z K+1 l {yt>c} 
7o 7o 



y^(7oyt - x^ )x t iZjl { j /t>c} (7oy< - x^ )x^ ZK+il{ 2/t >c} 

7=? ^° 

1 * 1 

— (7o2/t - x^ ) 2 z*r+il{2/ t >c} - ^ A(t> ot )x ti Zjl {yt>c} + ( h A(v t)c)z K+1 l {2/t>c} 



7o ^ 7o 
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= (loVt - xj<5 ) 



K 



y~] X ti Zj 



1=1 



7o 



-{yt>c} 



(loVt - x t <5 ) z K+1 l {yt>c} + 

7o 



- V" A(w t)x t jZj + ( h A(w ot )c)z^ + i 



L {j/t>c} 



+ 



* 1 

X ti Zj X^oZK+1 



1=1 

K 



l{ et > c -^x;5o} - 7oe? zx+il {et>c _^ x ^ ()} 



i=l 



Define /(x t , z, <5 , 7o) as 



7o 

A" 



(2.25) 



X ti Zj - — x' t (5 Zx+l 

7o 



=i 



X 1 
- 5^ A ( v ot)x t iZj + ( h A(v ot )c)z K+1 



i=l 



7o 



Define g(x t , z, <5 , 7o) as 
Then (2.25) is equal to 

7oe*/(x t , z, <5 , 7o)l {et>c _^ x ^ o} -7oe t 2 ZA+il {et>c __L x ^ o} +^(x t , z, <5 , 7o)l {et>c -^ x ^ }- (2.26) 

Thus (2.24) is equivalent to 

7oe t /(x t ,z,£o,7o)l { e t > c -^ x ^ }-7oe t 2 z^ = a.e., 

(2.27) 

namely, 



-e t 2 z^+il { e t > c -^ < 5 }+eJ(xi,z,(5o,7o)l { e t > c -^- x ^o}+— #(xt,z,<5 ,7o)l {et > c -JL xW = a.e.. 

(2.28) 

Suppose zk+i 7^ 0. When e t > c — ^x^ holds, (2.28) is a quadratic equation of e t . If 



the quadratic equation has solutions, then the solutions are 

-/(x t , z, S , 7o) ± J 7 2 (x t , z, S , 7o) + ^^^(x*, z, <5 , 7o) 

e * = ^ 

-2z^ +1 

But this contradicts the fact that e t \x t ~ iV(0, cr 2 ) (see (1.2)). 
Therefore z K+1 must be 0. This means that 



a.e.. 



(2.29) 



z , E[H(w t ;5 ,7o)]z = => z = (z 1; z^, 0)'. 



(2.30) 



11 



By (1.9), 



(zi, z K , 0)£[H(w t ; 6 , 7o)](zi, z K , 0)' 
= -{x 1 ,...,x K )E (l - X(v t)[X(v ot ) ~ Vot])x t 34 (zi,...,z^)' 

= — E (zi, z x ) (1 - A(u w )[A(u w ) - M) x txi(zi, -, zx)'] , 

We know that for any positive constant »6R, 

£ (zi, ...,z x )(l - A(u w )[A(uw) - uw])x t xi(zi, ...,z K )' 

>E (zi^.^zji-)!^!^}^ - A(uot) [A(uot) - v m ])x t xj.(zi, z*-)' 



(2.31) 



5l, Zx-)l{|„ ot |<^}X t xi(zi, Z^ , 



(2.32) 



where C is a positive constant depending on v. Here we used the fact that A(i>ot)[A(i>ot) — i>ot] 
is between and 1, and asymptotes to as % ^ -oo and to 1 as v ot — > oo. 
Therefore, by (2.30), (2.31) and (2.32), 



z'£[H(w t ;£ ,7o)]z = =>• (zi, ZA-)E[l {Nt |< 5} x t xi](zi, z x )' = 0. 



(2.33) 



It is easy to see that if E[x. t x.' t ] is nonsingular, then for large enough v, E[l{\ Vot \< v \x.tx! t ] is 
also nonsingular. Thus when i?[x t x£] is nonsingular, for large enough v, {zj = 0, i = 1, If} 
is the only solution satisfying 



(zi, ...,z K )E[l { \ vot \< v} x t x' t ](z 1 , ...,z K )' = 0. 
This means that when i?[x t x[] is nonsingular, 

z'£[H(w t ;<5 ,7o)]z = =S> z = (0, .., 0, 0)'. 



(2.34) 



(2.35) 



Thus when i?[x t x^.] is nonsingular, E[H(w t ; So, 7o)] is nonsingular, i.e. condition 5 of Propo- 
sition 1.3 holds. □ 



Theorem 2.1 implies that when E[x t xi] is nonsingular, under Assumptions 1 and 2, the 
conditional ML estimator (5, 7) is asymptotic normal with Avar(<5, 7) given by the following: 

Avar(<5, 7 ) = -{E[H(w t ; 8 , 7 o)]} _1 = {E[s(w t ; S , 7o)s(w t ; S , lo)']}' 1 - (2.36) 

To recover original parameters and obtain the asymptotic variance of 0,a 2 ), the delta 
method can be applied, (see page 517 of Hayashi (2000)) 
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3 Asymptotic Normality of the Conditional ML of the 
Tobit Model 



In this section, we show that for the Tobit Model introduced in subsection 1.2, the conditions 
of Proposition 1.3 are satisfied, thereafter the asymptotic normality of the conditional ML 
is verified. 

It is easy to see that conditions 1 and 2 of Proposition 1.3 are satisfied. 

We know that in the expression of H(w t ; 6, 7) of (1.18), 1—D t is either 1 or 0, so bounded, 
and X(—v t )[X(—v t ) + v t ] is between and 1, so bounded. Thus by the same argument as 
in (2.1) through (2.18) for the truncated regression model, we can show that condition 4 of 
Proposition 1.3 is satisfied. 

In the following, we show conditions 3 and 5 of Proposition 1.3 are satisfied. 

Before we move on to the main results, we need some preliminary results on the condi- 
tional moments of 7o?/i — x'^o which is conditioning on {x t ,y t > c}. 

Lemma 3.1 For the Tobit model, the following equalities hold: 



E[-f y t -x' t S \x u y t > c] 

E [{loVt - x'A) 2 I x *> Vt > c ] 
E[{loVt ~ x'^ ) 3 |xi,|/ t > c] 
E[(7oVt - x' t <5 ) 4 |xi,2/i > c] 



A(uot), 

^otA(^ot) + 1, 
v otH v ot) + 2A(u ot ), 
v otK v ot) + 3[v tA(^ot) + 1]. 



(3.1) 
(3.2) 
(3.3) 
(3.4) 



Proof. 



EhoVt ~ x^o|xt, y t > c] = E 



yt-x' t p Q 



> 




1 _ §(2=£§o) 

v (TO 1 

A(uot). 
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This shows that (3.1) holds. 



E[{loVt - x ^o) 2 I x t ,y t > c] = E 



O"0 

^2 0(y) 

1 - $( 



CO 



POO 
°"0 



/•oo 

CT () 



i -si 
2 



v 1 



(To 
2" 



= / c-x'/J \ 

\ (7 / 1 



= UotA(uot) + 1. 



c - x tA) 
co 



1 _ §( c -*tPo) 
V cr / 



de 



&0 



CO 



+ 



CT o 



Thus (3.2) holds. 



E[{joy t - y^S f\x u yt > c] — E 



POO 
CT () 



O"0 

f- 

<f>0 1 



x t, 1 > 



0(y) 



0-0 



' 1 ^ 



1 -V- 

m e 2 



y 2 ^ 



c-Xt/3 ■ 

<T() 



2tt 



CT 



n V (70 



■de * 



c-x;/3 n2 0( 



/ c-x^ y 

V cr / x 



TO 



+ 2 



CO 



cr ' I - rtW£=£Et£o 
■ 2 --- ^ ^ (bv(3.1)) 



°~0 



= v otK v ot) + 2A(u M ), 



This shows that (3.3) holds. 
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E[{loVt ~ Xt5 ) 4 |xi,?/ t > c] 



= E 



)4 
|x t , 

m 



> 



<?0 



a 

oo 



1 - $( 

1 



CO 

e 2 



y 3 ^ 



CO 
2^ 



cto V On ' 



O"0 



/ 1- 



c-xJ/V 

CO 



C-X^o' 



de H 2 



+ 3 



e 2 



°"0 



$( C - X tA)) 



v oA( v ot) + 3[v ot \(v ot ) + 1], 



( by (3.2) ) 



Thus (3.4) holds. 



□ 



Next we claim 

Theorem 3.2 For the Tobit Model satisfying Assumption 1', i/E(x t xQ is nonsingular, then 
condition 3 of Proposition 1.3 is satisfied. 

Proof. 

First we show that E[s(w t ; <5 , 7o)|*t] — 0. 

In terms of the expression of s(w t ; 5, 7) in (1.17), 



£[s(w t ;£ ,7o)|x*] 



E[(l - D t )( lo y t - x;<5 )x i + AA(-^ ot )(-x t )|x t ] 



(1 - D t ) [i - ( 7o y t - x;<5 )y t ] + AA(-u w )c|x t 



(3.5) 



where 



E[(l - A)(7oy* - xj5 )x t + AA(-uot)(-x t )|xJ 

= ^[(7oy* - x^ )x t |x t ,y t > c] Prob^ > c|x t ] + £[A(-v t)(-x t )|x t , y t = c] Pro% t = c|x t ] 
= E[(loVt ~ x^ )|x t ,y t > c] (x t ) Probst > c|x t ] - A(-v ot )(x t ) Prob[y t = c|x t ] 
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= X(v ot )(x t ) Probst > c|x t ] - A(-v ot )(x t ) Prob[y t = c|x t ] 



(by (3.1)) 



i_*(£=^) 



;xt) 



1 - $ 



O"0 



CT() 



= K £Z ^) (Xt) - (- £Z ^) (Xt) 

= 0, 



(3.6) 



and 



E 



(l - A) - (7oy* - x^ )yt] + AA(-%)c | x t ] 

= E [^~ ^ Vt ~ *t S o)yt\*t,yt > c] Prob[y t > c|xt] + £?[A(-Uot)c|x t ,y t = c] Prob[y t = c|x t ] 
= ~ ( loyt ~ x -t S o)^- ) (loyt - x^ + x^ )|x t ,y t > c] Prob[y t > c|x t ] 

+ S[A(-u ot )c|x t ,y t = c] Prob[y t = c|x t ] 
= {i ~ i^hoVt - x' t d ) 2 \x t ,y t > c] - ±E[(-y y t - x^ )|x t ,y t > c] (xj<5 )} 

• Prob[t/( > c|x t ] + A(-w i)cProb[y t = c|x t ] 

= " iKA(^) + 1] - ±\(v ot )(x' t So)} Prob[y t > c|x t ] ( by (3.2) and (3.1) ) 

+ A(-w i)cProb[t/ t = c|x t ] 



- A (vot)c Prob[y t > c|x t ] + A(-w ot )cProb[^ = c|x t ] 



( by w ot + X(<5 = 7oc ) 



i-»(2=^) 

V (TO ' 



1 — $f c ~ x i /3 ° 



TO 



+ 



= -0(^)c + 0(-^). 



= 0. 

Therefore £[s(wt; <5 , 7o)|x t ] = 0. 

Next we claim E[s(w t ; S , 7 )s(wt; S , 7o)'|x t ] = -£[H(w t ; <5 , 7o)|x t ]. 

In terms of the expression of s(w t ; 5,7) in (1.17), we write the matrix 
s(w t ;<5o,7o)s(wi;<5o,7o)' as 

"M n M12" 



(3.7) 



M 2 i M 



22 



where 



M n = (1 - A)(7oyt - x^ ) 2 x t x; + D t \ 2 (-v ot )x t x! t , 

Mi 2 = (1 - A)(7oy* - x^ )x t - {rtoyt - x! t 5 )y t ] + D t \ 2 (-v 0t )(-x t c), 

M 21 = M' 12 , 

M 22 = (1 - A) - (7oy* - x'A)^] 2 + AA 2 (-%)c 2 . 



(3.8) 

(3.9) 
(3.10) 
(3.11) 
(3.12) 
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In terms of the expression of H(w t ; d, 7) in (1.18), we write the matrix — H(w t ; d , 70) as 

(3.13) 



N11 N12 
N 2 i N 22 



where 



Nn = (1 - A)x t x; + D t X(-v ot )[X(-v ot ) + ^]x tX ;, 
N12 = (1 - D t )(-y t x t ) + D t \(-v t)[\(-v ot ) + Vot}(-cx t ), 
N21 = N 21 , 

N 22 = (1 - D t ) + y 2 ] + AA(-%)[A(-%) + ^]c 2 . 



(3.14) 
(3.15) 
(3.16) 
(3.17) 



If we can show E[Njj|x t ] = E[M i: ,|x t ], i,= 1,2, j = 1,2, then the claim is true. The 
verification is as follows. 
Since 

£[Mn|x t ] = E[(j y t -x' t 5 ) 2 \x t ,y t > c]x t x(. Prob[y t > c|x t ] + A 2 (-v i)x t Xt Prob[y t = c|x t ] 



{{MW + 1] [1 - H c ^)] + a 2 (-^)$(^) }x tX ; 

{ % A( % )[l-$(^)j + [l-*(^)] +A 2 (-^)$( 

{w(^) + [1-^^)] +A 2 (-, 0t )$(^)}x t x;, 



( by (3.2) ) 
x t xi 

(3.18) 



and 



£[Nn|x t ] = x t xiProb[y t > c|x t ] + \(-v t)[\(-v ot ) + uot]x t xJ. Prob[y t = c|x t ] 

= { [1 - ^(^)] + (a 2 (-^) + a(-^M^) }x tX ; 



- + ^ 2 (-^)$(^) + A(- Wot K$(^)}x t x; 

= { [1 - *(^)] + a 2 (-^)$(^) + ^(^)}x tX ;, 

( by the fact that A(-u w )^( £ =^ a ) = ^t^)) (3-19) 

we have E[Mn|x t ] = £[Nn|x t ]. 
As to S[M 12 |x t ] and S[N 12 |x t ], 

£[Mi 2 |x t ] 

= E (j y t - x^ )x< [± - (70^ - x^ )y t ] | x t , y t > c Prob^ > c|x t ] + \ 2 (-v 0t )(-x t c) 
■ Prob[y t = c|x t ] 



17 



= E 



(7oJ/t - x^o)x* - ^(7oy* - x^ )(7oy t - xJ5 ) - ^(7o2/t - x^ K<5 ] I x t , y t > c] 



Prob[y t > c|x t ] + \ 2 (-Vot)(-x t c) Prob[y t = c|x t ] 



(7oj/t - xj<& )^ - ^(7ol/t - x^ ) 3 - ^(7o?/t - x;5 ) 2 x^ I Xt,yt > c]x t Prob[y t > c|x t ] 



+ A (-i>ot)(-x t c) Prob[y t = c|x t ] 



^A(w t) - ^[^(vot) + 2A(u w )] - ^[uotA(uot) + l](7oC - ^ot) jx t Prob[y t > c|x t ] 
+ A 2 (-v 0t )(-x t c) Prob[y t = c|x t ] ( by (3.1), (3.3), (3.2) and x^ = 7 c - v ot ) 

= { " 4A(%) - KA(^) + l]c+ ^}x*[l - *(^/ 

+ A 2 (-^)(-x,c)$(^) 
= { " ToKvot) - c + ^ 0< }x t [l - H^)] -^ t A(^)cx t [l - H c -^)_ 

+ A 2 (-^)(-x,c)$(^) 
= { " iKvot) ~ c + ±v M }x t [l - $(^)] - v ot \(-v ot )cx t *(^) 

+ A 2 (-^)(-x,c) S(^) ( by AM [l - H c ~^)] = A(-Tta)*(^) ) 

= {-^)-c+^}x,[l-$(^)] 
+ A(-u (M )[A(-uo t ) + ^ot](-x t c) $(^1^), (3.20) 



and 



E\N 12 \xt] 

= E[-y t x. t \x. t ,y t > c] Prob[y t > c|x t ] + A(-u ot )[A(-'U( M ) + uot](-x t c) Prob[y t = c|x t ] 
= ^[-^(ToVt - x'^o + x^ )x t |x t ,y t > c] Prob[y t > c|x t ] 

+ A(-u M )[A(-'Uot) + Uot](-Xtc) Probst = c|x t ] 
= ^[-^(Toyt-xJ^o) - 4(7o c -^)|xt,yt > c]xt Prob[y t > c|x t ] 

+ A(-u w )[A(-'yot) + Uot](-Xtc) Probf^ = c|x t ] 

= {-^m-c+^x,[i-$(^); 

+ A(-^)[A(-^)+^](-x,c)$(^). 
( by (3.1) ) (3.21) 



Therefore £[M 12 |x t ] = £[N 12 |x t ]. Since M 21 = M' 12 and N 21 = N' 12 , £[M 21 |x t ] = £[N 21 |x t ] 
also holds. 
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Finally for E[M 22 \x t ] and £[N 22 |x t ], 
£[M 22 |x t ] 

= E (loVt ~ x't S o)yt] 2 I x t , j/ t > c Probst > c|x t ] + A 2 (-w t)c 2 Prob[y t = c|x t ] 

= ^ - ^(7ol/t - xJ* )(7oJ/t - x^ ) - ^(loVt - x-' t 8o)x.' t S ] 2 | x t , j/ t > c Prob[y t > c|x t ] 
+ A 2 (-v 0t )c 2 Prob[y t = c|x t ] 



3 [l - (loVt ~ x^ ) 2 ] 2 - 24 [l - (7oj/ t - x^ ) 2 ] (joVt ~ x^o)x^ c 



7o 



+ ;|(7oZ/t - Xi<5o) 2 (x' t (5o) 2 I x t ,y t > c Prob[y t > c|x t ] + A 2 (-v 0t )c 2 Prob[y t = c|x t ] 
= -E ^ [1 - (7oy* - x;<5 ) 2 ] 2 | xt, t/t > c Prob[y t > c|x t ] 

- -E 2^ [l - {joyt - x^ ) 2 ] (7oyt - x^o)x^ | x t , yt > c Prob[y t > c|x t ] 



^(7oy< - x' t (5o) 2 (x^o) 2 | x t ,j/ t > c] Probst > c|x t ] 
+ A 2 (-w 0t )c 2 Prob[y t = c|x t ], 



(3.22) 



where 



Ml - (7oS/t - x^o) 2 ] 2 | x t , y t > c 



= ^ - ;|#[(7oJ/t - x' t (5 ) 2 | x t ,yt > c] + ^^[(70^ - x^ ) 4 | x t ,yt > c] 



= ^ - ^KA(^ot) + 1] + ^ + 3v 0t \(v Q t) + 3] 

= ^[4A(%)+%A(%) + 2], 



( by (3.2) and (3.4) ) 
(3.23) 



2^ [l - (7oyt - x^o) 2 ] (7oyt - x^ )x^o I x t , y t > c 

E[(-f y t -x' t d )\x t ,yt > c\(x' t S ) - ^E[(-f y t - x.' t S f | x t ,y t > c](x' t d ) 
\(v 0t )(x' t 6 ) - | [v 2 0t X(v 0t ) + 2X(v 0t )} (x^ ) ( by (3.1) and (3.3) ) 

[ v otK v ot) + A(uot)] (7oC - wot), ( by x^ = 7oC - ^ot ) 

(3.24) 



7 2 



and 



£ ^(7oy« - Xi<5o) 2 (x' t (5o) 2 | x t ,Vt > c 
= MvotK v ot) + !](7oC - ^ot) 2 - 

"o 



( by (3.2) and x^ = 7oC - v ot 



(3.25) 
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Thus 



E[M 22 \x t ] 

= ^[vQ t \(v ot ) + v ot \(v ot ) + 2] Prob[y t > c|x t ] 

+ ^ [ v otK v ot) + K v ot)] (7oC - v ot ) Prob[?/ t > c|x t ] 

+ ^botA(^ot) + l](7oC - ^ot) 2 Prob[y t > c|x t ] 

+ A 2 (-w t)c 2 Prob[y t = c|x t ] 
= ^MU( u ot) + ^otA^ot) + 2] Prob[y t > c|x t ] 

+ ^^2vQ t \(v ot ) + 2A(v ot ) + [vot\(vot) + l](7 c - ^ot)}(7oC - v ot ) Prob[y t > c|x t ] 



+ A {-v ot )c Prob[y t = c|x t 



( by combining the 2nd and the 3rd terms ) 



= ji[vQ t \(v ot ) + v t\(v ot ) + 2] Prob[^ > c|x t ] 



7o 

+ ^{^Af^ot) + 2A(w 0t ) + lv ot \(vot) + l]7oC - ^ot}(7oc - ^ot) Prob[^ > c|x t 
+ A 2 (-w <)c 2 Prob[y t = c|x t ] 



^[^A(w ot ) + VotA(wot) + 2] Prob[y t > c|x t ] 

||2A(w t)7oc + VQtK v ot)llc ? + 7o c2 - v otK v ot) - 2v 0t \(v 0t ) - 2v 0t 7 c + 
Prob[y t > c|x t ] + \ 2 (-v t)c 2 Prob[y t = c|x t ] 



= ^|2A(w t)7oc + ^otA(t;ot)7o c2 + 7oC 2 - votA(uot) - 2w 0t 7 c + + 2| 

+ A 2 (-^)c 2 $(^) 
= ^{2A(^) 7o c + 7o 2 c 2 - v ot X(v ot ) - 2v 0tlo c + v 2 t + 2} [l - 

+ ^A(^)c 2 [l - *(^)] + A 2 (-^)c 2 $(^) 
= ^{2A(^)7oc + 7o 2 c 2 - v ot X(vot) - 2v otlo c + v 2 0t + 2} [l - $( £ =^ a ) 

+ A(-^)[A(-^)+^]c 2 $(^). 

( by A(T^) [l - *(^)] = A(-^)$(^) ) 
On the other hand, 
£[N 22 |x t ] 



1 - $( 



(3.26) 



4r + Vt\^t,yt > c Prob^ > c|x t ] + A(-Wo t )[A(-w t) + w 0t ]c 2 Prob[y t = c|x t ] 

^2 + MloVt - Xj<5o + x^o) 2 I x t ,y t > c Prob[y t > c|x t ] + A(-v t)[A(-v t) + v ot ]c 2 

'0 "0 



Prob[y t = c|xt] 
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= e]^s + ^(joVt - Xi# ) 2 + ^bfoVt ~ x t 5 )(x t 5 ) + ^(x t <5 ) 2 | xt,j/ t > c] Probfeft > c|x t ] 

+ A(-Uot)[A(-Uot) + ^ot]c 2 Prob[y t = c|x t ] 
= ^{l + [^A(u M ) + 1] + 2AM(x t <5 ) + (x^ ) 2 } Prob[y t > c|x t ] 

+ A(-uot)[A(-uot) +^ot]c 2 Prob[y t = c|x t ] ( by (3.2) and (3.1) ) 

= ^{l + [v ot \(v ot ) + 1] + 2\(v 0t )( l0 c - Vot ) + ( 7 oc - ^ot) 2 } [l - $ ( £z ^ a ) 

+ A(-^)[A(-^)+^]c 2 $(^) 
= 4, {2 + 2A(^) 7o c - UotA(uot) + lie 2 - 2 l0 cv 0t + <} [l - $(^|^) 

+ A(-%)[A(- % )+ % ]c 2 $(^). (3.27) 

Comparing (3.27) with (3.26), we can see that E[M 22 \xt] = £ , [N 22 |x t ]. 
Since £[My|x t ] = £[N^|x t ], i = 1,2, j = 1,2, £[s(w t ; <5 , 7o)s(wt; S , 7o)'|x f ] 
= -E[H(w t ;5 ,7 )|xJ. 

Therefore, condition 3 of Proposition 1.3 is satisfied. □ 

Next we claim 

Theorem 3.3 For the Tobit Model satisfying Assumption V, i/E(x t Xj) is nonsingular, then 
condition 5 of Proposition 1.3 is satisfied. 



Proof. Since condition 3 of Proposition 1.3 is satisfied, 

- E[H(w t ; S , 70)] = E[s(w t ; S , 7o)s(w t ; S , To)']- 



(3.28) 



Clearly s(w t ; So, 7o)s(w t ; <5o, 7o)' is positive semidefinite. This means that E[s(w t ; So, 70) 
s(w t ; So, jo)'] is positive semidefinite. Thus E[H(w t ; 5 ,7o)] is negative semidefinite. 
Let z = (zi, z K , z K+ i)' E M K+1 be a solution to the equation 



z'£[HK;(5o,7o)]z = 0. 

We know that if z = (0, 0) is the only solution to the above equation, then 
E[H(w t ; S , 70)] is nonsingular. 
Define A as the matrix 



Define B as the matrix 



-ytx-t 



x t x t -CXt 
— cx'. c 2 



(3.29) 



(3.30) 
(3.31) 
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Then in terms of the expression H(w 4 ; S, 7) in (1.18) 



H(w 4 ;<5 ,7o) = -(1 - A) A - D t \(-v ot )[\(-v t) + «ot]B. 
It is easy to see thac 



and 



-yt 



B 





o' 1 



70 J 



— c 



Thus combining these with the fact that 1 — D t > and D t \(—v ot )[X(—v ot ) 
we can see that H(w t ; <5 ,7o) is negative semidefinite. 
Suppose z K+ i 7^ 0, then 



(3.32) 



(3.33) 



(3.34) 
vot] > 0, 



z'Az 



K 

£ 

•i=l 



2 1 



> z 



> 0. 



In terms of the expression D t in (1.15) and the expression y* t in (1.10), we have 



(3.35) 



Prob(l - A=l) = Prob(?/ t * > c) 

= Prob(et > c-±x.' t d ). 



(3.36) 



Since e*|x t ~ iV(0,crg) (by (1.11)), Prob( ei > c-±x.' t 6 ) > 0. Thus Prob(l - D t =l) > 0. 
Combining this with (3.35), we have 



E[(l - A)z'Az] > 0, 

when z^ +1 7^ 0. 

Since B is positive semidefinite and D t \(— Vot)[\(— ^>ot) + v M ] > 0, 

E[D t X{-vot)[X{-vot) + %]z'Bz] > 0. 



(3.37) 



(3.38) 



3 see hint of exercise 3 on page 521 of Hayashi (2000). 
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Thus, when z K+ i ^ 0, 

z'£[H(w t ; d , 7o)]z = £[z'H(w t ; <5 , 7o)z] 

= £ [(1 - A)z'Az] + £ [AA(-u w ) [A(-uot) + %]z'Bz] 

> 0, (3.39) 

But this contradicts the assumption z'_E[H(w t ; <5 , 7o)]z = (see (3.29)). Therefore z K+i 
must be 0. This means that z = (z i5 z K , 0), thereafter, 

z£[H(w 4 ; <5 , 7o)]z' =(zi, z^, 0)£[H(w t ; <5 , 7o)](zi, z x , 0)' 

= - (zi, ...,z K )E (1 - D t + D t \(-vot)[\(-vot) + vot])x t x!t (zi,...,z K )' 



(zi, z x ) (l - D t + AA(-u M )[A(-'Uot) + u M ])xt34(zi, •••> z x)' 

(3.40) 



It is clear that for any positive constant there exists a positive constant C which 

depends on v e R, such that on the set {|i>ot| < 1 — A + AA(— i>ot)[A(i>_ot) — fot] > C- 
This implies that 



E 

>E 

>15e 



(z 1? ...,z K )(l - A(uot)[A(uot) - Uot])xtx4(zi, ...,z^)' 
(zi, z K )l {lvotm (1 - A + AA(-Uot)[A(u_ M ) - Uot])xt34(zi, z x )'] 
(zi, z x )l {Kt |<= } x t x;(zi, za-)' 



(3.41) 



The remaining argument follows the same line as we did in the truncation regression 
model. 

By (3.29), (3.40) and (3.41), 



z'£[HK;<5 ,7o)]z = 



!l, ...,Z X )£[l{|„ ot |<iJ}X t xi](Zi, ...,z x )' = 0. 



(3.42) 



It is easy to see that if _E[x t x{.] is nonsingular, then for large enough v, E[ln VQ j^xtxj] is 
also nonsingular. Thus when _E[x t x{.] is nonsingular, for large enough v, {zj = 0, i — 1, X} 
is the only solution satisfying 



(zi, z x )£[l {Nt |< i} x t x;]( Zl , zjr)' = 0. 



(3.43) 



This means that 



z'E[H(w t ;(5o,7o)]z = =S> z = (0, 0, 0)'. 



(3.44) 
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Therefore when i?[x t x{.] is nonsingular, E[H(w t ; S , 7o)] is nonsingular, i.e. condition 5 of 
Proposition 1.3 holds. □ 

Theorem 3.2 and Theorem 3.3 imply that the conditional ML estimator (6, 7) is asymp- 
totic normal with Avar((5,7) given by the following: 

Avar(<5, 7 ) = -{E[H(w t ; 6 , 70)]}^ = {E[s(w t ; 6 , 7o)s(w t ; S , 70)']}" 1 - (3.45) 

To recover original parameters and obtain the asymptotic variance of 0,a 2 ), the delta 
method can be applied, (see page 520 and page 521 of Hayashi (2000).) 
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